In this paper, we first discuss some properties of the neutral operator with multiple delays and variable coefficients (Ax)(t) :
Introduction
In this paper, we consider a second order p-Laplacian neutral differential equation
Mawhin's continuation theorem and the properties of A 3 , they obtained sufficient conditions for the existence of periodic solutions to the following Liénard neutral differential equation:
x(t) -c(t)x(t -τ ) + f x(t) x (t) + g x t -γ (t) = e(t).
In recent years, many works have been published on the existence of periodic solutions of second-order neutral differential equations (see [1, 3-5, 7, 9, 11-13, 16-19] ). In 2007, Zhu and Lu [19] discussed the existence of periodic solutions for a p-Laplacian neutral differential equation
x(t) -cx(t -τ ) + g t, x t -δ(t) = p(t).
Since (φ p (x (t))) is nonlinear (i.e., quasilinear), Mawhin's continuation theorem [8] cannot be applied directly. In order to get around this difficulty, Zhu and Lu translated the p-Laplacian neutral differential equation into a two-dimensional system ⎧ ⎨ ⎩ (x 1 (t) -cx 1 (t -τ )) (t) = φ q (x 2 (t)) = |x 2 (t)| q-2 x 2 (t), = 1, for which Mawhin's continuation theorem can be applied. Afterwards, Du [5] discussed the existence of a periodic solution for a p-Laplacian neutral differential equation
(t) = -g(t, x 1 (t -δ(t))) + p(t),
φ p
x(t) -c(t)x(t -τ ) + f x(t) x (t) + g x t -γ (t) = e(t),
by applying Mawhin's continuation theorem.
However, the existence of a periodic solution for p-Laplacian neutral differential equation (1.1) has not been studied until now. The obvious difficulty lies in the following two respects. First, although (Ax)(t) = x(t) -n i=1 c i (t)x(t -δ i ) is a natural generalization of the operators A 1 , A 2 and A 3 , the class of neutral differential equations with A typically possesses a more complicated nonlinearity than neutral differential equations with A 1 , A 2 and A 3 . Second, we do not get (Ax) (t) = (Ax )(t), meanwhile a priori bounds of periodic solutions are not easy to estimate.
The remaining part of the paper is organized as follows. In Sect. 2, we analyze qualitative properties of the generalized neutral operator A. In Sect. 3, by employing an extension of Mawhin's continuation theorem, we state and prove the existence of periodic solutions for Eq. (1.1). In Sect. 4, we investigate the existence of periodic solutions for a p-Laplacian neutral differential equation by applying Theorem 3.2. In comparison to [5] and [19] , we avoid translating the equation into a two-dimensional system. In Sect. 5, we discuss the existence of periodic solutions for a p-Laplacian neutral differential equation with singularity by applying Theorem 3.2. In Sect. 6, we give four examples to demonstrate the validity of the methods. c i (t) , i = 1, 2, . . . n; c k := max c 1 , c 2 , . . . , c n .
Proof Case 1:
Therefore, we have
Since A = I -B and B < 1, we get that A has a continuous inverse A -1 : C T → C T with
where
and, from Case 1, we get
Meanwhile, we obtain
Periodic solutions for equation (1.1)
In order to use an extension of Mawhin's continuation theorem [10] , we recall it firstly. Let X and Z be Banach spaces with norms · X and · Z , respectively. A continuous
is a subspace of X with dim ker M < +∞.
Let X 1 = ker M and X 2 be the complement space of X 1 in X, then X = X 1 ⊕ X 2 . Furthermore, Z 1 is a subspace of Z and Z 2 is the complement space of
Suppose that P : X → X 1 and Q : Z → Z 1 are two projections and Ω ⊂ X is an open and bounded set with the origin θ ∈ Ω.
Let N λ :Ω → Z, λ ∈ [0, 1] be a continuous operator. Denote N 1 by N , and let λ = {x ∈ Ω : Mx = N λ x}. Then N λ is said to be M-compact inΩ if (3) there is a vector subspace Z 1 of Z with dim Z 1 = dim X 1 and an operator R :Ω × X 2 being continuous and compact such that for λ ∈ [0, 1],
and
Let J : Z 1 → X 1 be a homeomorphism with J(θ ) = θ . Next, we investigate existence of periodic solutions for Eq. (1.1) by applying the extension of Mawhin's continuation theorem. (i) For each λ ∈ (0, 1), the equation
has no solution on ∂Ω.
Then Eq. (1.1) has at least one T-periodic solution onΩ.
Proof In order to use Lemma 3.1 we study the existence of periodic solutions to Eq. (1.1).
where q > 1 is a constant with
So M is quasilinear. Let
We claim that (I -Q)N λ (Ω) ⊂ Im M = (I -Q)Z holds. In fact, for x ∈Ω, we observe that
Moreover, for any x ∈ Z, it is obvious that
Therefore, QNx = 0, and so Eq. (3.4) also holds.
Let J :
where a ∈ R is a constant such that Now, for any x ∈ λ = {x ∈Ω : Mx = N λ x} = {x ∈Ω : (φ p (Ax) (t)) = λf (t, x(t), x (t))}, we have T 0f (t, x(t), x (t)) dt = 0, which, together with Eq. (3.7), gives
Taking a = φ p (Ax) (0), we then have
where a is unique, and we see that
Thus, we derive
which yields the second part of Eq. (3.3). Meanwhile, if λ = 0, then
where c 3 ∈ R is a constant, so by the continuity ofã(x, λ) with respect to (x, λ), a =ã(x, 0) = φ p (Ac) (0) = 0. Hence,
which yields the first part of Eq. (3.3). Furthermore, we consider
and, in fact,
Integrating both sides of (3.9) over [0, s], we have
Therefore, we arrive at
where a := φ p (A(P + R)) (0). Then, we get
Integrating both sides of (3.10) over [0, t], we derive
i.e.,
(P + R)(t) -(P + R)(0)
Hence, we have that N λ is M-compact onΩ. Obviously, the equation
can be converted to
where M and N λ are defined by Eqs. (3.6) and (3.7), respectively. As proved above,
is an M-compact mapping. From assumption (i), one finds
and assumptions (ii) and (iii) imply that deg{JQN, Ω ∩ ker M, θ } is valid and
So by applications of Lemma 3.1, we see that Eq. (1.1) has a T-periodic solution.
Application of Theorem 3.2: p-Laplacian equation
As an application, we consider the following p-Laplacian neutral Liénard equation:
is a constant, g is a continuous function defined on R 2 and periodic in t with g(t, ·) = g(t + T, ·), f ∈ C(R, R), e is a continuous periodic function defined on R with period T and
T 0 e(t) dt = 0. Next, by applications of Theorem 3.2, we will investigate the existence of periodic solution for Eq. (4.1) in the case that n i=1 c i = 1. Define 
Then Eq. (4.1) has at least one T-periodic solution, if
Proof Consider the homotopic equation
(t) x (t) + λg t, x(t) = λe(t). (4.2)
Firstly, we claim that the set of all T-periodic solutions of Eq. (4.2) is bounded. Let x(t) ∈ C T be an arbitrary T-periodic solution of Eq. (4.2). Integrating both sides of (4.2) In view of condition (H 1 ), we obtain
Then, we have
Multiplying both sides of Eq. (4.2) by (Ax)(t) and integrating over the interval [0, T], we get
(4.5)
e(t)(Ax)(t) dt.
Thus, we have
Using conditions (H 2 ) and (H 3 ), we arrive at 
Next, we introduce a classical inequality: there exists a κ(p) > 0, which is depends on p only, such that
Then, we consider the following two cases:
From Eq. (4.4), it is clear that
Case 2: If
By applying Lemma 2.1 and Hölder inequality, we get 
< 1, it is easily see that there exists a
From Eq. (4.4), we obtain
(4.14)
Let M 1 = M 2 11 + M 2 12 + 1. As (Ax)(0) = (Ax)(T), there exists a point t 0 ∈ (0, T) such that (Ax) (t 0 ) = 0. Moreover, since φ p (0) = 0, due to Eq. (4.14), it is obvious that
where f M 1 := max |x(t)|≤M 1 |f (x(t))| and g M 1 := max |x(t)|≤M 1 |g(t, x(t))|. 
and we know that Eq. (4.1) has no solution on ∂Ω as λ ∈ (0, 1). When 
Obviously, from condition (H 1 ), we can get xH(x, μ) > 0 and thus H(x, μ) is a homotopic transformation, as well as
So condition (iii) of Theorem 3.2 is satisfied. In view of Theorem 3.2, there exists at least one T-periodic solution.
Application of Theorem 3.2: p-Laplacian equation with singularity
In this section, we consider Eq. (4.1) with a singularity. Here g(t, x(t)) = g 0 (x) + g 1 (t, x(t)), g 0 ∈ C((0, ∞); R) and g 1 is an L 2 -Carathéodory function, and g 0 has a singularity at x = 0, i.e., 
) + λf x(t) x (t) + λg t, x(t) = λe(t). (5.3)
We follow the same strategy and notation as in the proof of Theorem 4. On the other hand, multiplying both sides of (5.3) by x (t), we get φ p (Ax) (t) x (t) + λf (x(t)x (t)x (t) + λ g 1 t, x(t) + g 0 x(t) x (t) = λe(t)x (t), (5.10) since g(t, x(t)) = g 0 (x) + g 1 (t, x(t)). 
